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Abst ract - -The  existence, uniqueness and asymptotic behavior of the solutions of a nonstationary 
Ginzburg-Landau s perconductivity model axe discussed without assumptions on the L °° norm of the 
initial data. Under a suitable choice of gauge, it is proved that, as t tends to infinity, the semigroup 
determined by the system of equations admits a global attractor. The structure of the attractor is 
also discussed. 
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1. INTRODUCTION 
Our a im here is to s tudy the existence, uniqueness and long t ime behavior of the solutions of 
the evolut ionary Ginzburg-Landau equations. The known results for the existence of solutions 
require L c~ bound for the initial data  (c.f. [1-3] or see (2.1), (2.2) and Theorem 2.1 below). By 
removing this requirement on the initial data,  we obtain, in this note (and [4]), a general existence 
and uniqueness theorem (c.f. Theorem 2.2 below) of solutions of the G inzburg-Landau system. 
Thanks  to this existence theorem, we can study the Ginzburg-Landau system as a nonl inear semi- 
group defined on a Hi lbert  space. We also prove the existence of a global att ractor ,  consist ing of 
all s tat ionary  solutions and their  unstable manifolds. 
Let 12 be a bounded,  smooth and s imply connected region in R n with n = 2 or 3, ¢: fl --+ C 
the order parameter ,  A:  ~ --* ~n the magnetic potential ,  and ¢: ~ --~ ~ the electrical potent ial .  
In the s teady state case, the Ginzburg-Landau superconduct iv i ty  model is independent of the 
electric potent ia l  where ¢ and A form the minimizers of the following nondimensional ized free 
energy: 
I~(~,A)  = ~ grad  +A + ~ (1¢12 - 1)2 + I cur lA  - HI2 dx; (1.1) 
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here, H is proportional to the applied magnetic field, and a is the Ginzburg-Landau constant. 
The corresponding steady state Euler-Lagrange quations are 
grad + A 4 + (1¢12 - 1)4 -- 0, 
(1.2) 
i - 
cur l2A-  curl  H + ~(4grad¢ -4grad~)  + [412A = 0. 
It should be noted that this steady state equation is not satisfied by the most general stationary 
points. 
Now, we consider the corresponding evolutionary model derived in [5], which can be rescaled 
a~ • )2 
~](4t + i4¢) + (~ grad + A 4+ ([412- 1) 4 = 0, 
(1.3) 
i 
At + grade  + cur l2A-  curl H + ~--~ (¢grad4-  4grad~)+ 1412A = 0. 
For this model, the gauge transformation is, for any smooth function 0, 
(4, ¢, A) --~ (4e i~°, ¢ - Or, A + grad 0). 
We fix the choice of 0 so that the magnetic potential A satisfies 
divA = 0, in f~, 
(1.4) 
A • n 0, on 0f~. 
Equations in (1.3) are supplemented with the following natural initial and boundary conditions: 
(-i grad  4 + A • n = 0, cur l  A x n = H x n,  
4(x,0) = 4o(X), A(x,0) = Ao(x), 
on 0~ x (0, T), (1.5) 
on ~, (1.6) 
4o and Ao being given initial values of 4 and A. 
2. MAIN  RESULTS 
Existence of solutions of the initial and boundary value problem (1.3)-(1.6) was established 
under the assumptions that 
4o e 7-/1(~), Ao C H~(div,~), (2.1) 
and 
114ollL~(~) -< co, (2.2) 
where co > 0 is an arbitrary constant. Namely, we have the following well-known result (see [3] 
for an extension of [1,2]). 
THEOREM 2.1. Let (4o, Ao) be given and satisfy (2.1)-(2.2). For any finite T > O, there exists 
a unique solution (4, ¢, A) of (1.3)-(1.6) satishring 
(4 ,¢ ,A)  E £2 (0, T;~2(f~)) x L 2 (0, T; HI(f~)) x L 2 (0, T;H2(f~)), 
(4 ,¢ ,A)  E C ([0, T];~l(f~)) x C ([0, T]; L2(f~)) x C ([0, T];HI(f~)).  (2.3) 
Moreover, 
114(,t)llL~(~2) _< max(1,co) (2.4) 
for almost every t C (0, T). 
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Next, we can verify that the following functional is the Lyapunov functional of the system: 
1£( ( /  )¢2 1 2 ) 
E(¢ ,A , t )=~ grad+A +5(1¢12-1)  +[cur lA -H[  2 dx. (2.5) 
Now, for a general initial condition ¢0 = ¢m + i¢02, let the truncation function be 
[¢0]M = [¢01]M + i 
where for any real valued function f, 
f f, If] < M, 
[flM / sign(f)M, [f[ > M. 
It is straightforward to establish that the problem with truncated initial condition admits a 
unique solution. Taking the limit M -* oo with the help of the Lyapunov functional and some 
a priori estimates, we obtain the following theorem. 
THEOREM 2.2. For any (¢0, A0) E 7-/1(~) x HI (~)  and any constant T > O, under the hypothesis 
that H is independent of time t, the system (1.3)-(1.6) admits a unique triple of solutions 
(¢ ,¢ ,A)  E £:2 (0,T;7./2(~)) x L 2 (0, T ;H I (~) )  x L 2 (0, T;H2(Ft)),  
(¢ ,¢ ,A)  E C ([0, T];7-/1(~)) x C ([0, T];L2(fl)) x C ([0, T]; H l ( f l ) ) .  (2.6) 
Thanks to this theorem on the existence and uniqueness of solutions, the Ginzburg-Landau 
system (1.3)-(1.6) defines a nonlinear semigroup {S(t)}t>o as follows: 
s(t)(¢0, A0) = (¢(t), A(t)) ,  (2.7) 
(¢(t), A(t)) being the solution of (1.3)-(1.6) given by Theorem 2.2 with initial value (¢0, A0). 
This semigroup enjoys the following properties: 
S(O) = Id :  7-/l(gt)) x HI (~)  --~ 7~1(12)) x Hi(12), (2.8) 
S( t )S (s )=S( t+s) :T l l (~) )xH l (~) - - *T l l (~) )xH l (~) ,  Vt, s >_ 0. 
Finally, the following theorem shows the existence of the global attractor of the Ginzburg- 
Landau system (1.3)-(1.6). This theorem is obtained by studying carefully the properties of the 
solutions, and taking into account he fact that the system possesses a Lyapunov functional. 
THEOREM 2.3. There exists a global attractor Z for the semigroup S(t) defined by (1.3)-(1.6), 
which is a bounded, connected, and compact set in Tll(~) x HI(~).  
REMARK 2.4. There is no initial condition on ¢ and there is no dependence on ¢ in the statement 
for attractors. The Lyapunov functional and the definition of S(t) in (2.7) are also independent 
of ¢. This can be justified by variational arguments and is standard in such discussions. We can 
refer to [6] for the Navier Stokes equations, and [4,7] for the Ginzburg-Landau system. 
The global attractor Z enjoys also the properties hown in the following (see [6] for the definition 
and properties of unstable manifolds). 
THEOREM 2.5. The attractor Z contains exactly the set of all stationary solutions and its unstable 
manifold. 
Finally, estimates of the fractal and Hausdorff dimensions of the global attractor 2" in terms of 
the physically relevant parameters are also obtained, using the theory developed by Constantin, 
Foias and Temam (c.f. [6]). The details of the dimension estimates of 2" will be given in [4]. 
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